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Abstract
We use the idea of the symmetry between the spacetime coordi-
nates xµ and the energy-momentum pµ in quantum theory to con-
struct a momentum space quantum gravity geometry with a metric
sµν and a curvature tensor P
λ
µνρ. For a closed maximally symmet-
ric momentum space with a constant 3-curvature, the volume of the
p-space admits a cutoff with an invariant maximum momentum a.
A Wheeler-DeWitt-type wave equation is obtained in the momentum
space representation. The vacuum energy density and the self-energy
of a charged particle are shown to be finite, and modifications of the
electromagnetic radiation density and the entropy density of a system
of particles occur for high frequencies.
e-mail: john.moffat@utoronto.ca
1 Introduction
The importance of the symmetry (reciprocity) between the spacetime coor-
dinate operator xˆµ and the momentum operator pˆµ in quantum theory was
pointed out by Born [1]. A free particle in quantum theory is described by a
wave function
ψ = exp
(
i
h¯
pµx
µ
)
. (1)
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The wave function is completely symmetric in the two 4-vectors xµ and pµ.
In a representation in Hilbert space of the operators xˆµ and pˆµ for which the
xˆµ are diagonal, we have
pˆµ → (h¯/i)∂/∂xµ, (2)
while for diagonal pˆµ, we obtain
xˆµ → (−h¯/i)∂/∂pµ. (3)
A wave function in spacetime (x-space) can be Fourier transformed into an-
other wave function in momentum space (p-space):
φ(p) =
∫
d4xψ(x) exp
(
i
h¯
pµx
µ
)
. (4)
When we consider gravitational phenomena, we picture the universe de-
scribed by a spacetime geometry with the line element
ds2 = gµνdx
µdxν , (5)
where gµν is the metric tensor. In classical physics, the momentum is de-
scribe by mdxµ/dτ where m is the test particle mass and τ is the proper
time, and the transformation laws for pµ are determined by xµ. However,
when we attempt to derive a quantum gravity theory, the particle motion is
not described by a geodesic, but by a wave function and a wave equation.
Following Born, we postulate a p-space line element
du2 = sµνdp
µdpν (6)
with the metric sµν .
In analogy with the classical x-space geometry, we define the inverse p-
space metric tensor sµν by
sλνsµλ = δ
ν
µ. (7)
Moreover, we define a p-space curvature tensor
P ναλµ =
∂Lναλ
∂pµ
− ∂L
ν
αµ
∂pλ
− LνβλLβαµ + LνβµLβαλ, (8)
where Lλµν is the p-space connection
Lλµν =
1
2
sλσ
(
∂sµσ
∂pν
+
∂sνσ
∂pµ
− ∂sµν
∂pσ
)
. (9)
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We obtain from (8) the Ricci tensor
Pαλ ≡ P ναλν = ∂L
ν
αλ
∂pν
− ∂L
ν
αν
∂pλ
− LνβλLβαν + LνβνLβαλ. (10)
The p-space possesses a diffeomorphism invariance in that we can define
the transformation for an arbitrary contravariant p-vector:
A
′µ =
∂p
′µ
∂pα
Aα, (11)
and for a mixed p-space tensor such as Aµνλ:
A
′µ
νλ =
∂p
′µ
∂pρ
∂pσ
∂p′ν
∂pτ
∂p′λ
Aρστ . (12)
Our quantum gravity theory involving two quantum geometries, identified
with the x-space and p-space geometries, leads naturally to two universal
invariants, namely, the universal invariant value of the speed of light c and
the invariant maximum momentum a (energy EM). There have recently
been interesting proposals to obtain two such universal constants, namely,
‘double special relativity’ and the kinematical structure of extended special
relativity, based on a Born-Infeld electrodynamics with a hyperbolic complex
structure [2, 3].
2 Relating Momentum Space Coordinates to
Spacetime Coordinates
In quantum mechanics and relativistic quantum field theory there is a linear
relation between spacetime and momentum space through a Fourier trans-
form of a wave function or a field operator in flat spacetime, gµν = ηµν , where
ηµν = diag(+1,−1,−1,−1) is the flat spacetime metric. In the presence of a
gravitational field, we lose this simple mapping between p-space and x-space.
In quantum field theory, it is convenient to perform calculations, such
as Feynman diagrams, in the p-space representation. For closed loop dia-
grams these calculations are ultraviolet divergent, and in quantum gravity
for expansions about flat space
gµν = ηµν + hµν +O(h
2), (13)
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in which the p-space and x-space position coordinates are related by Fourier
transforms, the theory is not renormalizable due to the dimensional nature
of Newton’s constant G.
It seems unnatural to assume that position and momentum spaces are
independent, because this would not lead to a simple flat spacetime limit of
quantum theory or the gravitational theory based on the weak field expansion
of the metric tensor about flat spacetime.
We postulate that there exists a transformation T between x-space and
p-space with the mapping
φ(p) =
∫
d4xT [ψ(x), xµpµ], (14)
where T is a matrix operator. The inverse transformation must also exist
ψ(x) =
∫
d4pT˜ [φ(p), xµpµ]. (15)
We also postulate the mapping of the metric tensor operators
gˆµν(x) =
∫
d4pT [sˆµν(p), xµpµ], (16)
and its inverse mapping. In the flat x-space and p-space limits, gµν = sµν =
ηµν , we obtain the standard Fourier transform (4) and its inverse transfor-
mation.
We shall also postulate that for the transformations (14) and (15) there
exists a transformation, U , between x-space and p-space such that for diag-
onalized xˆµ in the Hilbert space of operators
pˆµ → U
(
h¯
i
∂
∂xµ
)
, (17)
and for diagonalized xˆµ:
xˆµ → U
(−h¯
i
∂
∂pµ
)
. (18)
In the flat space limit these mappings reduce to the familiar ones (2) and
(3).
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3 Momentum Space Action Principle and Field
Equations
We choose as our p-space action
Sp =
1
2κ¯
∫
d4p
√−s[P + 2λp] + Sc, (19)
where P = sµνPµν is the p-space scalar curvature, s = Det(sµν), κ¯ is a
constant and λp and Sc are the p-space equivalents of the x-space cosmological
constant and matter action, respectively.
The field equations obtained from the action are given by
Pµν − 1
2
sµνP − λpsµν = −κ¯Kµν , (20)
where Kµν is the p-space equivalent of the x-space energy-momentum stress
tensor T µν :
Kµν =
2√−s
(
δSc
δsµν
)
. (21)
It satisfies the identities
∇pνKµν = 0. (22)
Here, ∇pν denotes the covariant derivative with respect to the p- space con-
nection Lλµν .
The corresponding spacetime field equations are Einstein’s equations
Rµν − 1
2
gµνR − λxgµν = −κTµν , (23)
where κ = 8πG/c4, λx denotes the x-space cosmological constant and T
µν
satisfies the identities
∇xνT µν = 0, (24)
where ∇xν denotes the covariant derivative with respect to the metric gµν .
4 Flat Momentum Space and the Momentum
Space Null Cone
According to the quantum gravity reciprocity symmetry, we shall identify
K00 as the ‘density’ of spacetime curvature per p-space 3-volume V(3p):
K00 = X(E,p), (25)
5
where X(E,p) denotes the spacetime curvature density as a function of the
energy E and the 3-momentum p. When the p-space curvature P λµνρ = 0,
then the p-space is ‘flat’ with the metric sµν = ηµν and the line element
du2 =
(
dE
c
)2
− (dp21 + dp22 + dp23). (26)
We can now define transformations between p-space coordinates pi (i =
1, 2, 3) and energy E as
E ′ =
E − wp1√
1− w2
c2
, (27)
p′1 =
p1 −
(
w
c2
)
E√
1− w2
c2
, (28)
p′2 = p2, (29)
p′3 = p3. (30)
Here, w is the ‘relative speed’ of the primed and unprimed p-space frames.
These transformations from the primed to the unprimed ‘p-frames’ leave
the line element (26) unchanged: du
′2 = du2. For the p-space null cone
determined by du2 = 0, we obtain
dE
dp
= c, (31)
where p = |p|. The transformations (27)-(30) form the p-space homogeneous
Lorentz group SOp(3, 1).
5 Maximally Symmetric Momentum Space So-
lution and a Maximum Invariant Momen-
tum
We shall now assume that the p-space geometry is homogeneous and that
the tensor density Kµν is independent of the spatial momentum coordinates
pi, and that it can only depend on the energy E. We further assume that
the p-space is isotropic on the large scale distribution of p-space points. The
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mathematical expression of this postulate is that the 3-dimensional p-space
will be a space of constant curvature:
Pλµνρ = C(sλνsµρ − sλρsµν), (32)
where C = constant. We apply this equation to the 3-dimensional subspace
of the p-space, so we shall have
Piklm = C(silskm − simskl). (33)
Contracting (33) with respect to sim we get
Pkl = −2Cskl. (34)
For a 3-space, Eq.(33) is equivalent to (34), so that the line element is spheri-
cally symmetric and each of the 3-dimensional points can be taken as the ori-
gin of the p-space coordinate system. The metric for constant 3-dimensional
p-space curvature is
dσ2p ≡ γikdpidpk =
dp2
1− ζ
(
p2
a2
) + p2(dχ2 + sin2 χdξ2), (35)
where a is a constant invariant momentum and ζ has the values +1,−1, 0.
For ζ = +1 the p-space is a closed space of constant curvature. We shall
choose ζ = +1 so that there exists amaximummomentum a corresponding to
a maximum invariant energy EM = ca. The line element (35) is the p-space
equivalent of the Friedmann-Robertson-Walker line element in 3-dimensional
x-space:
dσ2x =
dr2
1− ζ
(
r2
r¯2
) + r2(dθ2 + sin2 θdφ2), (36)
where r¯ is a constant.
The 3-volume of our p-space is given by
∫
d3p
√
γ = 4π
∫
dp
p2√
1− p2
a2
, (37)
where γ = Det(γik). This leads to the differential volume element
dΩp =
p2dpdχdξ sinχ√
1− p2
a2
. (38)
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We can now introduce the p-space 4-velocity, wµ = c2pµ/E, 1 satisfying
the condition
sµνw
µwν = 1. (39)
Let us consider a fluid description of the p-space source tensor
Kµν = [X(E) + Z(E)]wµwν − Z(E)sµν , (40)
where X(E) denotes the density of spacetime curvature per p-space 3-volume
V(3p) and Z(E) the elasticity of space. These quantities correspond recipro-
cally to the energy density ρ and pressure p, respectively, in the x-space
representation of the perfect fluid energy-momentum tensor
T µν = (ρc2 + p)uµuν − pgµν , (41)
where uµ = dxµ/dτ .
We choose wµ to satisfy the condition
wµ = (1, 0, 0, 0). (42)
Then the 4-dimensional p-space metric line element has the form
du2 =
(
dE
c
)2
− B2(E)dσ2p, (43)
where dσ2p is given by (35) and B(E) is a scale factor that depends on the
energy E. The volume of 4-dimensional p-space is given by
∫
d4p
√−s = 4π
c
∫
dEdp
B3(E)p2√
1− p2
a2
. (44)
There are two other maximally symmetric solutions to the p-space field equa-
tion, namely, the maximally symmetric de Sitter and anti-de Sitter solutions.
We can also consider the spherically symmetric energy independent solu-
tion of the p-space field equations (20) for Kµν = λp = 0:
Pµν = 0. (45)
The line element is given by
du2 =
(
dE
c
)2(
1− 2A
p
)
− dp
2
1− 2A
p
+ p2(dχ2 + sin2 χdξ2). (46)
1The Hamiltonian definition of the velocity is v = dE/dp.
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Here, A is a constant of integration associated with the singularity at the
origin of the p-space coordinates p = 0, corresponding to 2GM/c2 in the
Schwarzschild solution in x-space. The solution has the asymptotically flat
p-space boundary condition sµν → ηµν . We see that the line element exhibits
a momentum space ‘event horizon’ at p = 2A, equivalent to the spacetime
Schwarzschild black hole event horizon at rs = 2GM/c
2.
6 Uncertainty Principle for Spacetime and
Momentum Space Metrics
We shall postulate that our quantum gravity theory possesses an uncertainty
principle for the x- and p-space metric operators gˆµν and sˆµν :
∆gˆµν∆sˆρσ ≥ h¯
aℓ
Cµνρσ, (47)
where a denotes as before the maximum momentum, ℓ denotes a miminum
length and
Cµνρσ = ηµρηνσ + ηµσηνρ − ηµνηρσ. (48)
We then have the quantum commutation relation for the metric operators
[gˆµν , sˆρσ] = i
h¯
aℓ
Cµνρσδ(x, p). (49)
7 Momentum Space Wave Equation
We must obtain a wave equation for a particle to complete the p-space dy-
namics. To this end, we derive a p-space Hamiltonian formulation of grav-
ity [4]. For our p-space compact manifold with boundary ∂M , we require
that a variation of the metric sµν vanishes on ∂M but its normal derivative
does not. Then we must add a surface term and the action becomes
S ′p = Sp +
1
κ¯
∫
d3p
√
fF, (50)
where F is the contraction of the extrinsic p-space curvature Fij of the bound-
ary 3-surface, and f is Det(fij) induced on the 3-surface.
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The p-space metric is now given by
du2 =
(
WdE
c
)
− fij
[
W i
(
dE
c
)
+ dpi
][
W j
(
dE
c
)
+ dpj
]
, (51)
where W is the p-space lapse function and W i is the shift function. The
extrinisic curvature is
Fij =
1
2W
[
Wi|k +Wk|i − f˙ij
]
, (52)
where | denotes covariant derivative with respect to fij and f˙ij denotes dif-
ferentiation with respect to the energy E.
The variable conjugate to fij is
Πij ≡ δLp
δf˙ij
=
√
f(F ij − f ijF )
2κ¯
, (53)
where Lp is the Lagrangian density associated with the action Sp. The Hamil-
tonian for a closed p-space geometry is given by
Hp =
∫
d3p
(
Πij f˙ij +Π
iW˙i +ΠW˙ − Lp
)
=
∫
d3p(WHp +WiHip), (54)
where
Hp =
√
f(FijF
ij − F 2 − P (3))
2κ¯
= 2κ¯QijklΠ
ijΠkl −
√
fP (3)
2κ¯
. (55)
Here, P (3) is the 3-curvature and
Qijkl =
1
2
√
f
(fikfjl + filfjk − fijfkl). (56)
We have two primary constraints
Π ≡ δLp
δW˙
= 0, Πi ≡ δLp
δW˙i
= 0. (57)
Because δH/δW = δH/δWi = 0, we have the secondary constraints
Hp = H
i
p = 0. (58)
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We now define a p-space wave function Ψ[fij ] and obtain the wave equa-
tion [
Qijkl
(2κ¯)2
δ
δfij
δ
δfkl
+
√
f(P (3) − 2λp)
2κ¯
−K00
]
Ψ[fij , φ] = 0, (59)
where φ denotes matter fields. This is the p-space equivalent of the Wheeler-
DeWitt equation in x-space [5]. The wave function associated with the
Wheeler-DeWitt equation in x-space does not depend on the time t. Equiv-
alently, for the reciprocity symmetry we have postulated, the wave function
Ψ[fij, φ] does not depend on the energy E but only on the 3-geometry fij
and the matter fields φ. Likewise, this means that the role of energy in the
p-space geometry is unclear.
8 Applications of Invariant Maximum Mo-
mentum
Let us consider an electromagnetic radiation field with a vector potential
Aµ = (A, U) in a small localized region of spacetime, which is approximately
flat gµν ∼ ηµν . Then, the Fourier series representations of the scalar and
vector potentials U and A are
U = c
(
8π
V(3x)
)1/2∑
s
Qs(t) cos(Θs), (60)
and
A = c
(
8π
V(3x)
)1/2∑
s
Bs(t) sin(Θs), (61)
where V(3x) is the x-space 3-volume and
Θs =
2πνs
c
(ns,x) + βs. (62)
Here, ns is a unit vector giving the direction of the standing wave and βs is
a constant.
In our quantum gravity momentum representation there is an upper limit
to the momentum, p = a. We assume that in an approximately flat spacetime
this remains true. This means that for a quantum system of independent
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particles the increment number density of quantum states of weight f in a
momentum element dΩp is, according to (38), given by [1]:
dn =
(
f
h3
)
dΩp =
(
f
h3
)
d3p√(
1− p2
a2
) . (63)
Because of the square root there is a maximum number of allowed states in a
quantum system. Thus, the total number density of quantum states is finite:
n =
(
f
h3
) ∫ d3p√(
1− p2
a2
) =
(
4πfa3
h3
)∫ 1
0
dyy2√(
1− y2
) = fπ
2a3
h3
. (64)
Let us consider the zero-point energy associated with a system of oscilla-
tors. For stationary states we have
Er =
∑
s
hνs(ns +
1
2
). (65)
By using the formula (64) with f = 2, the zero-point vacuum energy is given
by
ρvac =
∑
s
1
2
hνs =
c
2
∑
s
ps =
4πc
h3
∫ av
0
dpp3√(
1− p2
a2
v
)
=
4πca4v
h3
∫ 1
0
dyy3√
(1− y2)
=
8πca4v
3h3
. (66)
We see that the zero-point vacuum density of oscillators is finite, and its
magnitude is determined by the momentum scale av.
The modified energy density of radiation takes the form
E =
∫ 1/b
0
dνU(ν, T ). (67)
Here, we have
U(ν, T ) = 8πhν
3
c3
(
exp(hν/kT )− 1
)√
(1− (νb)2)
, (68)
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where p = hν/c and b = h/ac. Eq.(67) gives for b = 0(a =∞) the result
E = aBT 4, (69)
where aB = 7.56×10−15 erg cm−3K−4. Eq.(69) is the Stefan-Boltzmann law.
We see that at very high momentum (frequency) p ∼ a the Planck radiation
density and the Stefan-Boltzmann law are modified by the magnitude of the
maximum momentum a. Such a change at high frequencies could possibly
be detected in the CMB Planck spectrum.
For the entropy density of a system of particles with temperature T , we
obtain
S =
(
8π
c3T
) ∫ 1/b
0
dν√
(1− (νb)2
{
kT ln[(1− exp(−hν/kT ))−1]ν2
+
hν3
(exp(hν/kT )− 1)
}
. (70)
By making the substitution y = bν this becomes
S =
(
8π
c3T
)∫ 1
0
dy√
(1− y2)
{(
kT
b3
)
ln[(1− exp(−hy/bkT ))−1]y2
+
(
h
b4
)
y3
[exp(hy/bkT )− 1]
}
. (71)
The total entropy for a system of particles is finite.
For the Coulomb energy associated with charged particles, we get
Ec =
(
h2
πV(3x)
)∑
k,l
ekelRkl, (72)
where ek is the charge of the kth particle and
Rkl =
∑
s
(
cos(Θsk) cos(Θsl)
p2s
)
=
V(3x)
h3
∫
d3p
p2
√(
1− p2
a2
) cos(Θk) cos(Θl).
(73)
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By taking the mean value of cos(Θk) cos(Θl) over all directions of propagation
and phases, we find
Rkl =
(
πV(3x)
h3
)∫ a
0
∫ 1
−1
dpdµ cos
(
2πpµrkl/h
)
√(
1− p2
a2
)
=
V(3x)
h2rkl
∫ a
0
dp sin
(
2πprkl/h
)
p
√(
1− p2
a2
) , (74)
where rkl = rk − rl denotes the distance between the charges ek and el.
We introduce
f(q) =
2
π
∫ 1
0
dy√
(1− y2)
sin(yq)
y
=
∫ q
0
dzJ0(z), (75)
where J0(z) is the Bessel function. Substituting f(q) into (74) gives
Rkl =
πV(3x)
2h2
1
rkl
f
(
2
rkl
r0
)
, (76)
where
r0 =
h
πa
. (77)
Inserting (76) into (72), we arrive at the modified Coulomb energy [1]:
Ec =
1
2
∑
k,l
ekel
rkl
f
(
2
rkl
r0
)
. (78)
We have f(q) → 1 for q → ∞ and f(q)/q → 1 for q → 0, so that we retain
the classical Coulomb energy for rkl ≫ r0 and a finite self-energy of a charged
particle for r → 0:
Ec =
e2
r0
. (79)
This result is similar to the regularization of Coulomb’s law in Born-Infeld
electrodynamics [6].
The result that a maximum momentum a leads to a regularization of
Coulomb’s law in electrodynamics, leads one to believe that a similar reg-
ularization of the Schwarzschild singularity in the spacetime Schwarzschild
solution of Einstein gravity could be realized in quantum gravity theory.
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9 Conclusions
We have proposed that the symmetry between the two vector operators pˆµ
and xˆµ in quantum theory is a fundamental property of nature, that should
be exploited in a quantum gravity theory. Two metric tensor operators gˆµν
and sˆµν associated, respectively, with the geometries of spacetime (x-space)
and momentum space (p-space) are introduced with their respective pseudo-
Riemannian geometries. Field equations for both geometries are postulated
with the x-space equations being the Einstein field equations with an energy-
momentum tensor density Tµν , while the p-space field equations are associ-
ated with a tensor density Kµν , identified with the density of spacetime
curvature reciprocal to the energy-momentum density in spacetime. The
absence of spacetime curvature produces a flat p-space geometry. This sug-
gests that the existence of a curved spacetime manifold is associated with a
curvature of the momentum p-space.
By assuming a closed, homogeneous and isotropic p-space geometry, we
find that the volume of the space has a maximum invariant momentum (en-
ergy) a (EM), which leads to a finite statistical number density of quantum
states. This is in contrast to the spacetime volume, which for cosmological
scales can be open and infinite. Thus, the quantum gravity momentum space
geometry leads to a natural invariant, ultraviolet cutoff, EM , for all particle
interactions in a closed particle system. We apply this result to the calcula-
tion of the vacuum density ρvac giving a finite value. We also find that the
self-energy of a charged particle is regularized.
The quantum gravity theory proposed leads to an uncertainty principle
for the two reciprocal metric tensor operators gˆµν and sˆµν , involving the
maximum momentum a and a mimimum length ℓ. The momentum repre-
sentation geometry lends itself best to describing microscopic particle physics
and quantum gravity, while the spacetime representation geometry describes
the macroscopic properties of the universe. Both representation geometries
complement one another and describe the quantum and large scale properties
of the universe.
For a compact p-space the x-space at short distances will be discrete and
described by a lattice structure with a minimum length ℓ, which we can
identify with the Planck length ℓ = ℓPL, where ℓPL =
√
h¯G/c3.2 In order
2A discrete lattice structure of spacetime has been promoted as a basis for quantum
gravity [7].
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to preserve local Lorentz symmetry, the discrete spacetime corresponds to a
noncommutative geometry [8]. For long wave-length gravity using our space-
time metric gµν , we must assume a limit exists that gives us the macroscopic
continuum for distances much greater than ℓPL.
Acknowledgments
This work was supported by the Natural Sciences and Engineering Re-
search Council of Canada. I thank Michael Clayton, Martin Green and Lau-
rent Freidel for helpful and stimulating discussions.
References
[1] M. Born, Proc. Roy. Soc of London, Series A, 165 291 (1938); Rev.
Mod. Phys. 21, 463 (1949).
[2] G. Amelino-Camelia, gr-qc/0309054; J. Maguiejo and L. Smolin, Phys.
Rev. Lett. 88, 190403 (2002), hep-th/0112090; J. Kowalski-Glikman,
Phys. Lett. B547, 291 (2002), hep-th/0207279; D. Kimberly, J.
Magueijo, and J. Medeiros, gr-qc/0303067; L. Freidel, J. Kowalski-
Glikman, and L. Smolin, hep-th/0307085.
[3] F. P. Schuller, Ann. of Phys. 299, 174 (2002), hep-th/0203079; F. P.
Schuller and H. Pfeiffer, Phys. Lett.B578, 402 (2003), hep-th/0307247;
M. Toller, hep-th/0312016.
[4] R. M. Wald, General Relativity (University of Chicago Press, Chicago,
1984), Chapter 10 and Appendix E.2.
[5] B. S. DeWitt, Phys. Rev. 160, 1113 (1967); J. A. Wheeler, in Batelle
Rencontres, eds., C. DeWitt and J. A. Wheeler (Benjamin, New York,
1968).
[6] M. Born and L. Infeld, Proc. Roy. Soc. of London, Series A, 144, 425
(1934).
[7] For a review, see: L. Smolin, hep-th/0306134.
16
[8] H. S. Snyder, Phys. Rev. 71, 38 (1947).
17
